We construct new bases of real functions from L 2 (Br) and from L 2 (Qp). These functions are eigenfunctions of the p-adic pseudo-differential Vladimirov operator, which is defined on a compact set Br ⊂ Qp of the field of p-adic numbers Qp or, respectively, on the entire field Qp. A relation between the basis of functions from L 2 (Qp) and the basis of p-adic wavelets from L 2 (Qp) is found. As an application, we consider the solution of the Cauchy problem with the initial condition on a compact set for a pseudo-differential equation with a general pseudo-differential operator, which is diagonal in the basis constructed.
Introduction
The theory of p-adic pseudo-differential operators was developed by V. S. Vladimirov [1] (see also [2, 3] and the references given therein). The operator D α , which is known in the literature on p-adic mathematical physics, was defined in [1] as a pseudo-differential Vladimirov operator D α . At present the pseudodifferential equations involving Vladimirov operator are widely useful in various branches of mathematics and physics: p-adic evolution equations and path integrals [4, 5] , p-adic-valued random processes [2, 6, 7] , p-adic modeling of conformational dynamics of proteins [8, 9, 10, 11] , p-adic modeling of prototypes of molecular nano-machines [12] , p-adic models of economic and social systems [13] , etc.
The Vladimirov operator is diagonalized by the p-adic Fourier transform. There are also examples of bases consisting of compactly supported eigenfunctions of the Vladimirov operator. Examples of bases of eigenfunctions of the Vladimirov operator were constructed in [6, 14, 15, 16] . In [17] there is another example of an orthonormal basis consisting of eigenvectors of the Vladimirov operator (which was called the basis of p-adic wavelets).
The Vladimirov operator and similar operators with translation invariant kernels that are diagonalized by the Fourier transform are also diagonalized by wavelets, but a wavelet basis is capable of diagonalizing even a more general construction of pseudo-differential operators that cannot be diagonalized by the Fourier transform [17, 18, 19] .
In the beginning of Section 2 we outline the Fourier analysis on compact sets. This analysis was applied several times by the authors, but was never mathematically formalized. We think that this machinery, which is widely applied in physical applications, deserves a separate systematic treatment. An expansion in a discrete basis of characters on a compact set is nothing else but the analogue of the discrete Fourier transform. This basis of characters is an eigenbasis for the modified Vladimirov operator on a compact set B r ⊂ Q p , which has the following form:
This operator is distinct from the restriction of the Vladimirov operator to B r , which was considered in [2] . This operator is more natural in applications of the p-adic analysis to physics, and in particular, to modeling of conformational dynamics of protein [8, 9, 10, 11, 12] . As was pointed out above, expansions of functions in the basis under consideration were used by the authors of the present paper in a number of studies. For a first time such an expansion was constructed on Z p in [20] . In [8] , a solution of a system of equations of the 'reaction-diffusion' type on B r was put forward in terms of an expansion in such a basis. Further, in Section 3 we construct a new real basis for L 2 (B r ). This basis is a complete family of eigenfunctions of the Vladimirov operator on B r (and is also a complete family of eigenfunctions for more general operators). In Section 4 we consider an extension of this basis to a basis for L 2 (Q p ). We shall be also concerned with the relation between this basis and the basis of p-adic wavelets. As an application, we consider the solution of the Cauchy problem with the initial condition on a compact set for pseudo-differential equation with pseudo-differential operator of a general form, which is diagonal in this basis.
2 Fourier transform, convolution and spectrum of the Vladimirov operator on B r
Let Q be the field of rational numbers and let p be a fixed prime number. Any rational number x = 0 is uniquely representable in the form
where a, b, γ ∈ Z are integers, a and b are natural numbers relative prime to p and having no common divisors. The p-adic norm |x| p of a number x ∈ Q is defined by |x| p = p −γ , |0| p = 0. The completion of the field of rational numbers Q with respect to the p-adic norm forms the field of p-adic numbers Q p . Endowed with the metric d(x, y) = |x − y| p the field Q p becomes a complete compact separable extremally disconnected ultrametric space.
We shall denote by B r (a) = {x ∈ Q p : |x − a| p ≤ p r } the ball of radius p r centered at a, denote by S r (a) = {x ∈ Q p : |x − a| p = p r } the sphere of radius p r with centre at a, B r ≡ B r (0), S r ≡ S r (a), Z p ≡ B 0 . We shall also need the following functions
On Q p there exists a unique (up to a factor) Haar measure d p x which is invariant with respect to
We assume that d p x is a full measure; that is,
Under this hypothesis the measure d p x is unique. We now introduce the class W 2) there exists a natural number l such that ϕ (x + x ′ ) = ϕ (x) for any x ∈ Q p and any 
We have the following result.
where
is the p-adic analogue of the gamma-function. We shall also define the analogue of operator (3) on W 0 (B r ) by the formula
with |x| p ≤ p r , and besides
Thus,φ (k) is also locally constant with the exponent of local constancy l = −r. Hence, we may assume that k ∈ Q p /B −r . For any s > −r we consider the function
Since the integral converges uniformly in k, we have
Taking into account thatB
as s → ∞. It follows that lim s→∞ ϕ s (x) = ϕ (x) and so we arrive to (6) , completing the proof of Theorem 2.
From Theorem 2 it follows that the functions χ (kx) form a complete system of functions in
we have the following result.
Corollary 1. The family of functions
Proof. For any s > −r we consider the functions f s (x) = p −r/2
Each of the sums in f s (x) and g s (x) contains a finite number of terms, and hence, writing
one may change variables to k + ξ = ζ ∈ B s /B −r . Consequently, making s → ∞, we see that
which completes the proof of (9) . In order to prove (10) we observe that
Since the sums are finite, we may writeB
Taking into account that´B
concluding the proof of the theorem.
Lemma 1. The functions p −r/2 χ (kx), k ∈ Q p /B −r are eigenfunctions of operator (4) with eigenvalues
Evaluating the integral, we get
As a result,
This completes the proof of Lemma 1.
From Corollary 1 and Lemma 1 we have the following result.
are orthogonal real eigenfunctions of operator (4) with eigenvalues
In particular, taking
and employing the relation
or
From the relationsB
Br
it follows that the family of functions (13) is the orthogonal family of eigenfunctions of operator (4) with eigenvalues (11).
Since the Vladimirov operator D α (B r ) is invariant with respect to translations of coordinates and since any ball B r of radius γ can be obtained from the ball B γ by the translation x → x − n, where n ∈ B r /B γ , it follows that the functions
as obtained from functions (13) by the translation x → x−n, are eigenfunctions of operator (4) with eigenvalues (11) . Next, the translation x → x − ap −γ , a = 0, 1, . . . , p − 1, leaves the function Ω (|x − n| p p −γ ) invariant, but changes the function Ω |x − n| p p −γ+1 . Hence, the functions
where γ ≤ r and n ∈ B r /B γ , are also eigenfunctions of operator (4) with eigenvalues (11).
Theorem 4. The functions (17) and the constant function
form a complete system of vectors in the space L 2 (B r ).
Proof. Since the set of characteristic functions of all balls forms a basis for L 2 (B r ), it suffices to prove that the characteristic function Ω |y − n
be represented as a linear combination of functions from (17):
Next, since the set of functions f γ,n,b (x) is invariant under transformations x → p −γ ′ (x − n) ′ , it suffices to check (19) with fixed γ ′ and n ′ (for example, with γ ′ = 0 and n ′ = 0; that is, for Ω (|x|)). It is easily seen that
which concludes the proof of Theorem 4.
Remark 1. The complete system of functions {f r , {f γ,n,a (x)}} is overcomplete in L 2 (B r ), because in a family of p functions f γ,n,a (x), where a = 0, 1, . . . , p − 1 and i and n are fixed, only p − 1 functions are linearly independent. This follows from the relation
The next theorem gives a construction of an orthonormal basis for L 2 (B r ).
Theorem 5. The functions
and the function
Proof. Since the functions f γ,n,a (x) and f r = p −r are orthogonal with different i and n, it follows that the functions ϕ γ,n,b (x) and ϕ r (x) are also orthogonal with different i and n. We havê
Taking into account thatˆd
This completes the proof of Theorem 5.
Remark 2. We note the following formulas for the inverse transition from ϕ γ,n,b (x) to f γ,n,a (x):
To demonstrate one of the advantages of the above basis (21), (22), we consider the Cauchy problem for the Vladimirov equation (23) with the initial condition f (x, 0) = Ω (|x| p ) .
Formally, the solution of equation (23) can be written as
Using expansion (20) we easily find the solution
4 Real basis for L 2 (Q p ) and its relation with the wavelet basis
The following result holds.
Theorem 6. The functions
where γ ∈ Z, n ∈ Q p /Z p and a = 0, 1, . . . , p − 1, are eigenfunctions of the Vladimirov operator (3) on Q p with eigenvalues
and form a complete system of vectors in the space L 2 (Q p ).
Proof. Since Q p may be looked upon as the limit case of B r as r → ∞, repeating the argument of the previous section it is easily seen that functions (25) show that the characteristic function
from Q p can be expanded into functions (17) . Since the set of functions f γ,n,b (x) is invariant under transformations x → p −γ ′ x − n ′ , it will suffice to show that such an expansion holds for any fixed γ ′ and n ′ ; for example, for γ ′ = 0, n ′ = 0; that is,
Consider the function g (x) represented by the series
which is uniformly convergent in x. Next, consider the squared norm
Since the series in (28) is uniformly convergent and using (14) and (15), we find that
The norm of g (x) − Ω (|x|) is zero, and hence
which shows that
Consequently, (27) holds. This completes the proof of the theorem.
Theorem 7. The functions
The proof of Theorem 7 is similar to that of Theorems 5 and 6.
Let us find a relation between the basis introduced above and the basis of p-adic wavelets in L 2 (Q p ), which was proposed in [17, 18, 19] . The basis of p-adic wavelets is formed by the functions
Summing (31) in j, we find that
As a result, we may express f γ,n,0 (x) as
and find the functions f γ,n,a (x) and ϕ γ,n,b (x) with γ ≤ r, a = 0, 1, . . . , p − 1, b = 1, . . . , p − 1,
We have
and hence,
Let us make the inverse transform from ϕ γ,n,b (x) to ψ γ,n,j (x). We have
Therefore,
Expressing in (34) f γ,n,a (x) it terms of ϕ γ,n,b (x), this gives
Finally, we have
Formulas (32)-(35) establish a relation between the basis introduced above and the basis of wavelets for L 2 (Q p ). In [17, 18] it was shown that the wavelet basis can be used to diagonalize not only the pseudodifferential Vladimirov operator but also the class of pseudo-differential operators of the form
where the kernel T (x, y) satisfies the conditions:
2. T (x, y) = const on the set of points satisfying the equation |x − y| p = const.
Such a kernel can be written in a general form
In [17, 18] it is also shown that wavelets (31) are eigenfunctions of operator (36) with kernel (37) and eigenvalues
From formulas (32) and (33), which express the relation of the overcomplete system of functions f γ,n,a (x) and the orthonormal basis ϕ γ,n,b (x) in terms of the functions of the wavelet basis ψ γ,n,j (x), it follows that functions (25) and (30) are also eigenfunctions of the pseudo-differential operator (36) with kernel (37) and eigenvalues (38).
To demonstrate the application of basis (30) we consider the Cauchy problem for the equation
with the pseudo-differential operator (36) with kernel (37) and the initial condition f (x, 0) = Ω (|x| p ) .
A formal solution of (39) may be written as f (x, t) = exp (T t) f (x, 0) .
Hence, using expansion (29), one may write this solution as a series f (x, t) = exp (T t)
Conclusions
In the present paper we construct new real bases formed by eigenfunctions of the Vladimirov operator on a compact set B r ⊂ Q p and on the field Q p . It should be noted that all the previously available bases of the Vladimirov operator ( [6, 14, 15, 16, 17, 18, 19] ) were expressed in terms of the characters of the field Q p as an additive group. A similar construction can be used only on ultrametric spaces which feature a group structure. Such spaces include the field Q p of p-adic numbers, the ring Q m of m-adic numbers [21] , the ring of a-adic numbers [22] . All these spaces are homogeneous ultrametric spaces (that is, spaces, in which for any fixed r there exists a number N (r) such that the ball B r (a) can be represented as a union of N (r) balls of radii r ′ < r). The basis introduced in the present paper does not contain characters of the field Q p as an additive group, and can be entirely expressed in terms of the characteristic functions of balls in Q p . By this reason such a construction can be used to construct bases for inhomogeneous infinite ultrametric spaces without group structure. Similar bases on finite ultrametric spaces with arbitrary topology were studied in [23, 24] . In this connection, such types of bases can be the starting point in solving the spectral problem for the analogues of the Vladimirov operator in an ultrametric space not featuring a group structure by reducing this problem to a spectral problem of some modification of the Vladimirov operator in Q p . The last problem will be addressed in a forthcoming paper [25] by the authors.
